The construction of heterogeneous concept lattices involves biresiduated mappings for defining particular Galois connections from entry values. The aim of this paper is to show that such construction is also possible with the usage of bipolarized mappings.
Introduction
Formal concept analysis (FCA or equivalently theory of concept lattices [3] ) represents a conceptual data-mining method which is usually applied on objectattribute models, consisting of rectangular matrix of binary entries. Also if the matrix data are non-binary, several methods were developed for constructing the so-called fuzzy concept lattices. Recently, one of such methods, the socalled heterogeneous concept lattices, was proposed in [1] . It represents a fuzzification of the classical formal concept analysis that works with heterogeneous values in a context entry. Heterogeneous fuzzy concepts are defined via concept forming operators, which form a Galois connection between direct product of complete lattices. These complete lattices serve for an evaluation of particular objects and attributes, respectively. A relationship between objects and attributes is given by a system of biresiduated mappings (certain binary operations on complete lattices with values in posets). Based on the system of biresiduated mappings and entry values in rectangular matrix a pair of concept forming operators is constructed.
The main aim of this paper is to extend this construction. We describe a pair of operators between direct products of complete lattices, where biresiduated as well as bipolarized mappings are involved. Using simple algebraic arguments we show that the pair of concept forming operators defined via such extension forms a Galois connection. This fact enables to use the wellknown general construction of fuzzy concept lattices. From this point of view, the proposed method can be seen as some kind of extension of heterogeneous concept lattices.
Preliminary Notes
In this section we recall some notions and results concerning Galois connections and residuated mappings. Also we briefly describe heterogeneous concept lattices.
A pair of mappings ϕ : P → Q, ψ : Q → P between partially ordered sets is said to be a Galois connection if
By the symbol P ⊗ Q we denote the set of all mappings ϕ : P → Q which participate in a Galois connection between P and Q. We call ϕ : P → Q a polarized mapping if ϕ ∈ P ⊗ Q. For a polarized mapping ϕ ∈ P ⊗ Q there is the unique adjoint ψ ∈ Q ⊗ P such that (ϕ, ψ) forms a Galois connection. Such unique adjoint will be denoted by ϕ * . A pair ϕ, ψ forms residuated mappings if the following condition is satisfied
In this case ϕ is called residuated and ψ is called residual. Note that a mapping ϕ : P → Q is residuated if and only if ϕ ∈ P ⊗ Q d , where Q d denotes the dual poset of Q. For a residuated ϕ the unique residual will be denoted by ϕ + . If T : P 1 ×P 2 → P is given put T p 2 (p 1 ) = T p 1 (p 2 ) for all p 1 ∈ P 1 and p 2 ∈ P 2 . The mapping T : P 1 × P 2 → P is called bipolarized (biresiduated) (cf. [6] ), if mappings T p 1 : P 2 → P and T p 2 : P 1 → P are polarized (residuated) for each p 1 ∈ P 1 and p 2 ∈ P 2 .
We recall the well-known characterization of residuated mappings, see ( [2] ).
Lemma 2.1. Let P and Q be ordered sets. The mapping ϕ : P → Q is residuated if and only if the inverse image under ϕ of every principal down-set of Q is a principal down-set of P .
Next we briefly describe basics about heterogeneous concept lattices, cf. [1] . Let B and A be non-empty sets. Let P = (P b,a , ≤) : b ∈ B, a ∈ A be a system of posets and R be a function with domain
and it is isotone and left-continuous in both arguments, i.e.,
Then the tuple B, A, P, R, C, D, is called heterogeneous formal context. Let B, A, P, R, C, D, be a heterogeneous formal context. There is a pair of mapping :
The pair of such defined mappings forms a Galois connection. It allows to apply the well-known notions and to create the so-called (heterogeneous) fuzzy concept lattice.
By a (heterogeneous) fuzzy concept it is understand a pair f, g from b∈B C b × a∈A D a such that (f ) = g and (g) = f . If f 1 , g 1 and f 2 , g 2 are two concepts an ordering is defined by
The system of all such concepts ordered by relation ≤ is called a heterogeneous concept lattice and it is denoted by HCL(B, A, P, R, C, D, , , , ≤).
The important role in creating heterogeneous concept lattices is given by the system of isotone and left-continuous operations = (• b,a ) : b ∈ B, a ∈ A . The following simple lemma shows that such defined operations are precisely the biresiduated mappings.
Conversely, if T is isotone and left-continuous in both arguments, then one can easily show that the element {c ∈ C : T d (c) ≤ p} is the maximum of the inverse image T
3 Bipolarized extension of heterogeneous concept lattices
As it was shown in the previous section heterogeneous concept lattices are defined via biresiduated mappings. Our aim is to show that such construction can be applied using bipolarized mappings too. Let P 1 , P 2 , P be posets, T : P 1 × P 2 → P be a bipolarized mapping and p ∈ P be an element. Define a mapping ϕ p :
is the dual adjoint to the polarity mapping T p 1 : P 2 → P . Similarly, we define ψ p :
is the dual adjoint to the polarity mapping T p 2 : P 1 → P .
Lemma 3.1. For each p ∈ P the pair of mappings (ϕ p , ψ p ) forms a Galois connection between P 1 and P 2 .
Proof. Let p 1 ∈ P 1 and p 2 ∈ P 2 be arbitrary elements. Since the mapping T is bipolarized we obtain
which holds if and only if
Let us remark that the similar argument also works in the case if T is a biresiduated mapping. In this case, pair of mappings T
(p) forms a Galois connecion between P 1 and P 2 , too cf. [5] .
Before we describe bipolarized extension of heterogeneous concept lattices we prove one technical lemma, which is an easy consequence of basic lattice properties.
Lemma 3.2. Let C, D be complete lattices, I be a non-empty index set and (ϕ i , ϕ * i : i ∈ I) be a system of Galois connection between C and D. Then
Proof. We put X = {d ∈ D : (∀i ∈ I)d ≤ ϕ i (c i )}. Obviously, any ϕ i (x i ) is an upper bound of all d ∈ X. Since X is the least upper bound, we obtain
Also we recall the following fact concerning Galois connections between direct products of complete lattices, see [4] or [5] . If (L i : i ∈ I) and (M j : j ∈ J) are two systems of complete lattices and (ϕ i,j , ψ i,j ) (i,j)∈I×J is a system of Galois connections such that for all i ∈ I, j ∈ J the pair (ϕ i,j , ψ i,j ) forms a Galois connection between L i and M j , then the pair Φ and Ψ defined by
forms a Galois connection between i∈I L i and j∈J M j .
Let B, A, P, R, C, D, T be a formal context such that
• B = ∅, A = ∅ represent a set of objects and a set of attributes, For each b ∈ B we put AR b = {a ∈ A :
b,a T biresiduated} and AP b = {a ∈ A :
b,a T bipolarized}. Similarly, for each a ∈ A we put BR a = {b ∈ B :
b,a T biresiduated} and BP a = {b ∈ B : b,a T bipolarized}. We define a pair of mapping ↑ : b∈B C b → a∈A D a and ↓ : a∈A D a → b∈B C b in the following way:
Theorem 3.3. The pair of mappings ↑, ↓ forms a Galois connection between
Hence expressions (5) and (6) are equivalent to the following ones R(b, a) ) . According to Lemma 3. R(b, a) ), where symbol denotes either + or * . Since for each b ∈ B and a ∈ A the mappings b,a T x (R(b, a) ) for x ∈ C b and b,a T y (R(b, a) ) for y ∈ D a form a Galois connection between C b and D a we obtain that ↑ and ↓ form a Galois connection.
As in the case of heterogeneous concept lattices, this result allows to define a set of fixed points, called concepts. Formally, by a concept it is understand a pair f, g from b∈B C b × a∈A D a such that ↑(f ) = g and ↓(g) = f . The set of all concepts ordered with respect to the first coordinate forms a complete lattice.
